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The Monge assignment problem
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Kantorovitch relaxation

i [ o = 7(0) [Pdu(z)

Wa(p,v)? == min /||$—y|| dm(z,y)
mel(p,v
s, [ [

Theorem (Brenier). When p has a
density, the Monge and Kantorovitch
problems are equivalent: there is a unique
Monge map T = 1d — %ch and the opti-
mal Kantorovitch plan is (Id, T)xp
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Benamou-Brenier dynamical formulation
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Benamou-Brenier dynamical formulation
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Benamou-Brenier dynamical formulation

@Y )
o Walis, )2 = min [ de
0 t

- over iy + div(pgvy) =0, po = p, p1 = v.

Looks like a formula from
Riemannian geometry...
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Gradient flows

For FF: M — R,

_OF(:vfj) =(VF(2),u)T,.m

with z§ =z and 2§ = u

Gradient flow: &y = —VF(z¢)

!

For 7 : P = R,

F(1g) = (VwF (1), v) L2

s=0

with p§ = pand g§ =v

fue + div(pgve) = 0,
vy = —=VwF ()

Gradient flow:
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Entropic

optimal transport

€

€3

Y3

Dynamic Schrédinger problem:

min  KL(P|R)
Po=p,P1=v

where P is a distribution of paths,
R is the Brownian motion of
diffusivity € > 0.

Entropic optimal transport problem:

min / llz — y||2dn (2, y) + eKL(7|u ® v)
rell(u,v)

m(x,y) is the mass that goes from x to y
in the Schrodinger bridge.
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The Sinkhorn divergence

Advantages of OT,:

m Computed efficiently (Sinkhorn’s algorithm)
m Smooth

m Retains the geometric flavour of Wy

Main drawback: biased ! OT¢(p, 1) # 0 and even
argmin, OT.(u, v) # u (shrinks)

V

Solution: simply subtract bias !

Se(,v) = OTe(,v) — OTe(, p) — LOT.(v,v)
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Wasserstein gradient flow of S.

ld -1} o, — 1d
® ]
We should have
Y 13 —V‘I/VSE(M,M*) = V(fu - fﬂ,#*)
= 2(T5M —Id+1d — Tl‘f)
€

€3 T
—>

z s 10/13



Wasserstein gradient flow of S.
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Wasserstein gradient flow of S.

UV = V(f/,/ - f;“w.)

*
e T

‘We should have

—VirSe (s p1x) = V(fu = fr.)
= 2TF, —1d+1d - T7)

The gradient flow should be described by
fre + div(ueV (fup = fuopn.)) =0

Working assumptions: pg, pt. Gaussian

For u=N(m,%),v = N(n,T), we have
Sa(,uv’/) = ”m - TL||2 + BE(EaF)

— we can consider centered measures.
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Well-posedness

Theorem (MH, T. Lacombe (2026)). o, 1« Gaussian (can be singu-
lar).
There exists a solution to

fur + diV(ﬂtv(fut - f#tv#*)) =0

which stays Gaussian.

It is unique among Gaussians and in a larger class R = {exp(—V), ay I <
V2V < By I}

It is a Wasserstein gradient flow.
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Convergence

Theorem (MH, T. Lacombe). If g is non-singular, i et
o0
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Convergence
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Theorem (MH, T. Lacombe). g is singular <= Vt, u; also singular.
PN = Yoo = Pdiag((X\;);)PT where X, = Pdiag((\});)PT and X\; € {0, A}
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Convergence

Se(Me Hx)
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Theorem (MH, T. Lacombe).

iff supp(p.) C supp(po), in O(e~ ) if equality and O(3) otherwise.

If ¥y and ¥, commute, convergence holds
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Conclusion

What we saw:

m The Wasserstein space and its geometry, gradient flows
m Entropic optimal transport, the Sinkhorn divergence and its flow

m First convergence properties for Gaussians
Next steps:

m Particle case study

m More general results: convergence criterion related to existence and uniqueness of Monge
maps ?

Thank you for your attention !
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Convergence rate as function of ¢

100~
10714
. 1072_
x| x
3|
S|ls
2|3
Gl 1073
10"‘—E
107°
T T T T T T T
0.0 0.5 1.0 15 2.0 2.5 3.0
t

13/13



