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May be empty and is
non-convex in general !
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min
T#µ=ν

∫
∥x− T (x)∥2dµ(x)

W2(µ, ν)
2 := min

π∈Π(µ,ν)

∫
∥x− y∥2dπ(x, y)

= max
φ⊕ψ≤c

∫
φdµ+

∫
ψdν

Theorem (Brenier). When µ has a
density, the Monge and Kantorovitch
problems are equivalent: there is a unique
Monge map T = Id− 1

2∇φ and the opti-
mal Kantorovitch plan is (Id, T )#µ.
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W2(µ, ν)
2 = min

∫ 1

0

∫
Rd

∥vt(x)∥2dµt(x)dt

over µ̇t + div(µtvt) = 0, µ0 = µ, µ1 = ν.

That is: particles follow ẋt = vt(xt),
µt is the aggregate.

Benamou-Brenier dynamical formulation
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W2(µ, ν)
2 = min

∫ 1

0

∥vt∥2L2
µt
dt

over µ̇t + div(µtvt) = 0, µ0 = µ, µ1 = ν.

Looks like a formula from
Riemannian geometry...

Benamou-Brenier dynamical formulation
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For F : M → R,
d

ds

∣∣∣∣
s=0

F (xus ) = ⟨∇F (x), u⟩TxM

with xu0 = x and ẋu0 = u

Gradient flows

6/13



For F : M → R,
d

ds

∣∣∣∣
s=0

F (xus ) = ⟨∇F (x), u⟩TxM

with xu0 = x and ẋu0 = u
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with xu0 = x and ẋu0 = u

Gradient flow: ẋt = −∇F (xt)

For F : P → R,
d

ds

∣∣∣∣
s=0

F (µvs) = ⟨∇WF (µ), v⟩L2
µ

with µv0 = µ and µ̇v0 = v

Gradient flow:
µ̇t + div(µtvt) = 0,

vt = −∇WF (µt)
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Dynamic Schrödinger problem:

min
P0=µ,P1=ν

KL(P |R)

where P is a distribution of paths,
R is the Brownian motion of

diffusivity ε > 0.

Entropic optimal transport problem:

min
π∈Π(µ,ν)

∫
∥x− y∥2dπ(x, y) + εKL(π|µ⊗ ν)

π(x, y) is the mass that goes from x to y
in the Schrödinger bridge.

Entropic optimal transport
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T = Id− 1
2∇φ

Writing fµ,ν , gµ,ν the Schrödinger potentials,
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x 7→
∫
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Computed efficiently (Sinkhorn’s algorithm)
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Advantages of OTε:

Computed efficiently (Sinkhorn’s algorithm)

Smooth

Retains the geometric flavour of W2

Main drawback: biased ! OTε(µ, µ) ̸= 0 and even
argminν OTε(µ, ν) ̸= µ (shrinks)

Solution: simply subtract bias !

Sε(µ, ν) := OTε(µ, ν)− 1
2OTε(µ, µ)− 1

2OTε(ν, ν)

The Sinkhorn divergence
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We should have

−∇1
WSε(µ, µ⋆) = ∇(fµ − fµ,µ⋆)

= 2(T εµ,µ⋆
− Id + Id− T εµ)

Wasserstein gradient flow of Sε
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WSε(µ, µ⋆) = ∇(fµ − fµ,µ⋆)

= 2(T εµ,µ⋆
− Id + Id− T εµ)

The gradient flow should be described by
µ̇t + div(µt∇(fµt − fµt,µ⋆)) = 0

Working assumptions: µ0, µ⋆ Gaussian

For µ = N (m,Σ), ν = N (n,Γ), we have

Sε(µ, ν) = ∥m− n∥2 +Bε(Σ,Γ)

−→ we can consider centered measures.

Wasserstein gradient flow of Sε
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Theorem (MH, T. Lacombe (2026)). µ0, µ⋆ Gaussian (can be singu-
lar).
There exists a solution to

µ̇t + div(µt∇(fµt
− fµt,µ⋆

)) = 0

which stays Gaussian.
It is unique among Gaussians and in a larger class R = {exp(−V ), αV I ⪯
∇2V ⪯ βV I}.
It is a Wasserstein gradient flow.
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Theorem (MH, T. Lacombe). If µ0 is non-singular, µt −−−→
t→∞

µ⋆.
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Theorem (MH, T. Lacombe). µ0 is singular ⇐⇒ ∀t, µt also singular.

Σt −−−→
t→∞

Σ∞ = Pdiag((λi)i)P
T where Σ⋆ = Pdiag((λ⋆i )i)P

T and λi ∈ {0, λ⋆i }
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Theorem (MH, T. Lacombe). If Σ0 and Σ⋆ commute, convergence holds
iff supp(µ⋆) ⊂ supp(µ0), in O(e−Ct) if equality and O( 1t ) otherwise.

Convergence
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What we saw:

The Wasserstein space and its geometry, gradient flows

Entropic optimal transport, the Sinkhorn divergence and its flow

First convergence properties for Gaussians

Next steps:

Particle case study

More general results: convergence criterion related to existence and uniqueness of Monge
maps ?

Thank you for your attention !
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Convergence rate as function of ε
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