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Mathis Hardion, LIGM, Université Gustave Eiffel # mathis.hardion2@univ-eiffel.fr �mhardion.github.io

Entropic optimal transport and the Sinkhorn divergence

Entropic Optimal Transport (with c(x, y) := ∥x− y∥2):
OTε(µ, ν) := min

π∈Π(µ,ν)
⟨π, c⟩ + εKL(π|µ⊗ ν)

=max
f,g

⟨µ, f⟩ + ⟨ν, g⟩ − ε⟨µ⊗ ν, exp(1ε(f ⊕ g − c))⟩ + ε

πε
µ,ν := minimizer of the primal, (f ε

µ,ν, g
ε
µ,ν) := maximizers of the dual.

T ε
µ,ν := Id−∇f ε

µ,ν =
∫︁
ydπε

µ,ν(y|·) is the
barycentric map.

� OTε(µ, µ) ̸= 0 and argminν OTε(µ, ν) ̸= µ !

→ Sinkhorn divergence:

Sε(µ, ν) := OTε(µ, ν)− 1
2OTε(µ, µ)− 1

2OTε(ν, ν)

Positive-definite and smooth loss [4], with a geometric flavor, good

computational and statistical properties.

Wasserstein gradient flows (WGFs) and that of Sε

WGF of a functional F :

µ̇t + div(µtvt) = 0,

vt := −∇δF

δµt

For F = Sε(·, µ⋆) :

−∇δF

δµ
= −∇(f ε

µ,µ⋆
− f ε

µ) = (T ε
µ,µ⋆

− Id) + (Id− T ε
µ)

T ε
µ,µ⋆

− Id drives the

flow towards a shrunk

µ⋆, while Id − T ε
µ pushes

the mass away from its

barycenter.

vt is smooth → can’t split mass !

Use in generative modeling

Neural Sinkhorn Flow [8]: Learn the velocity

of the WGF using a NN, push samples along the

learnt flow at inference.

Drifting models [3]: µθ := (φθ)#µ
0, φθ a NN.

At training: “drift” towards
µ⋆ along a vector field Vµθ,µ⋆

.
One-step at inference.

The articles [6, 5] use Vµ,µ⋆
= −∇(f ε

µ,µ⋆
− f ε

µ),

effectively approximating the WGF of Sε(·, µ⋆).

Question (initially raised in [2])

Does the WGF of Sε(·, µ⋆) converge to the target
measure µ⋆ as t → ∞ ?

→ We give a first answer for Gaussians.

Theorem (H & Lacombe, 2026)

Let µ0 = N (m0,Σ0), µ⋆ = N (m⋆,Σ⋆) (with Σ,Σ⋆ ⪰ 0). There exists a curve t ↦→ µt = N (mt,Σt) solution to the PDE µ̇t + div(µt∇(fµt
− fµt,µ⋆

)) = 0.
It is unique in the class of measures R = {exp(−V ), αV I ⪯ ∇2V ⪯ βV I}. We always have mt −−−→

t→∞
m⋆, and moreover:

1
If µ0 is non-singular, µt −→

t→∞
µ⋆.

If µ0 is singular, then ∀t, µt also singular.
2 If Σ⋆ = P

(︂
λ⋆1 (0)

...
(0) λ⋆d

)︂
P T , Σt −→

t→∞
P
(︂

λ1 (0)
...

(0) λd

)︂
P T , λi ∈ {0, λ⋆

i}. 3
If Σ0Σ⋆ = Σ⋆Σ0, µt −→

t→∞
µ⋆ ⇐⇒ supp(µ⋆) ⊆ supp(µ0),

at rate O(e−Ct) if equality and O(1/t) otherwise.
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Covariance ellipses along the flow (targets in red, grid
spacing

√
ε).
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For singular Gaussians, convergence can fail (left) due
to the impossibility to split mass. It makes the flow
unstable w.r.t. µ0 (small perturbation on the right).

3

Convergence rates for Σ⋆ = diag((0, λ⋆)) with λ⋆ ↓ 0
when Σ0 ≻ 0 and Σ0Σ⋆ ̸= Σ⋆Σ0, semi-log vs.log-log.

Key proof elements

• Sε(·, µ⋆) restricted to Gaussians is −4λmax(Σ⋆)/ε-convex along generalized geodesics + apply [1]. • EVI on R. • Extensive use of the closed-form expressions [7].

Comparison with non-Gaussian data: learning the swiss roll with a Sinkhorn-drifting model in raw vs manifold coordinates

Target

Main takeaway

Convergence is slowed down by the need to collapse mass, e.g. when mapping a full support distribution to a manifold-supported distribution → use latent spaces !
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For φθ a MLP, µ̂θt :=
1

N

N∑︂
i=1

δ
X

θt
i
with (Xθt

i )i
i.i.d.∼ (φθt)#µ

0, µ̂⋆ =
1

N

N∑︂
i=1

δX⋆
i
with (X⋆

i )i
i.i.d.∼ µ⋆ and µ̂′

⋆ is another independent sampling of µ⋆.
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